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Z – TRANSFORM 

AND  

DIFFERENCE EQUATIONS 

 



Question 1 

 Find the Z-transform of 
𝟏

𝒏!
 



Solution 1 

Z
1

𝑛!
 =  

1

𝑛!
∞
𝑛=0  z-n 

                                   = 1 + 
1

1!
 z-1 + 

1

2!
 z-2 + 

1

3!
 z-3 +… 

                            = 1 + 
1

1!
 
1

𝑧
 + 

1

2!
 
1

𝑧2 + 
1

3!
 
1

𝑧3 + …… 

= 𝑒
1

𝑧                       

                              [ since ex = 1 + 
𝑥

1! 
+

𝑥2

2!
+

𝑥3

3!
+ ………] 

      ∴ Z
1

𝑛!
 = 𝑒

1

𝑧  

  



Question 2 

If  Z[f(n)] = f(z), 
what is Z[f(n-k)]? 

 



Solution 2 
 W.k.t Z[f(n)] =  𝒇(𝒏)∞

𝒏=𝟎  z-n 

There fore 

Z[f(n-k)] =  𝒇(𝒏 − 𝒌)∞
𝒏=𝟎  z-n  

put m = n-k,          n= m+k  

              =  𝒇 𝒎 𝒛−(𝒎+𝒌) ∞
𝒎=−𝒌  

                  = z-k   𝒇 𝒎 𝒛−𝒎 ∞
𝒎=𝟎                                 

(since f(n) is causal sequence (ie) if f(n)=0,n<0) 

            = z-k 𝒇 (z),      

where 𝒇 (z) = Z(f(n)) 



Question 3 

Find Z[n] 



Solution 3 

 Z[n] =  𝑛∞
𝑛=0  z-n       =  

𝑛

𝑧𝑛
∞
𝑛=0      

= 
1

𝑧
+

2

𝑧2 +
3

𝑧3 +………….. 

= 
1

𝑧
 1 +

2

𝑧
+

3

𝑧2 + ⋯        

                = 
1

𝑧
 1 −

1

𝑧

−2
 = 

1

𝑧
 

1

1−
1

𝑧

2       

   (since (1-x)-2 = 1 +2x+3x2+……) 

                = 
1

𝑧
 

𝑧2

(𝑧−1)2
           Z[n] = 

𝒛

(𝒛−𝟏)𝟐
 

 



Question 4 

Form the 
difference 

equation from 
yn = a + b 3n 

     



Solution 4 
 Given     yn = a + b 3n          -------------------- (1) 

             yn+1 = a + b 3n+1   = a+3b (3)n ----------- (2) 

             yn+2 = a + b 3n+2   = a+9b (3)n -----(3) 

Eliminating a and b from (1), (2) and (3) we get,  

 

𝒚𝒏 𝟏 𝟏
𝒚𝒏+𝟏 𝟏 𝟑
𝒚𝒏+𝟐 𝟏 𝟗

  = 0 

        yn [9-3] -1[9yn+1 - 3 yn+2] +1 [yn+1 - yn+2]=0 

    ⇒            6yn – 9 yn+1 + 3 yn+2 + yn+1  - yn+2 = 0 

    ⇒                                 6yn – 8 yn+1 + 2 yn+2 = 0 

                                    ⇒ yn+2 – 4 yn+1 + 3 yn = 0 



Question 5 

Find the value 
of z[f(n)] when 

f(n) = n an . 
 



Solution 5 
 Z[n an ] = Z[an.n] 

                  = {Z(n)}z →
𝒛

𝒂

 

                                W.k.t Z[n] = 
𝒛

(𝒛−𝟏)𝟐
 

                          Z[n an ] = 
𝒛

(𝒛−𝟏)𝟐 𝒛 → 
𝒛

𝒂

 

                                          = 
𝒛

𝒂

𝒛

𝒂
−𝟏

𝟐 

                          = 
𝒛

𝒂

 
𝒛−𝒂

𝒂

𝟐 

                               = 
𝒛

𝒂
 . 

𝒂𝟐

(𝒛−𝒂)𝟐
 

                  = 
𝒂𝒛

(𝒛−𝒂)𝟐
 

 



Question 6 

Find Z
𝒂𝒏

𝒏!
 in 

 Z transform 

 



Solution 6 

 Z
𝑎𝑛

𝑛!
 =  

𝑎𝑛

𝑛!
∞
𝑛=0  z-n   =  

(𝑎𝑧−1)𝑛

𝑛!
∞
𝑛=0                                                     

           = 1 + 
1

1!
 (az-1 )+ 

1

2!
 (az-1)2 + ….. 

               = 𝑒𝑎𝑧−1
                       

[ since ex = 1 + 
𝑥

1! 
+

𝑥2

2!
+

𝑥3

3!
+ …] 

 ∴ Z
𝒂𝒏

𝒏!
 = 𝒆

𝒂

𝒛   

  



Question 7 

 Find Z[e-iat] using 
Z transform 



Solution 7 

Z[e-iat] =   𝒆−𝒊𝒂(𝒏𝑻)∝
𝒏=𝟎  𝒛−𝒏   

             =    (𝒆−𝒊𝒂𝑻)𝒏∝
𝒏=𝟎  𝒛−𝒏  

 

    Since Z[𝒂𝒏] =   𝒂𝒏∝
𝒏=𝟎  𝒛−𝒏 =

𝒛

𝒛−𝒂
   

 

 Z[e-iat]  =  
𝒛

𝒛−𝒆−𝒊𝒂𝑻 
                                     

 

 



Question 8 

State and prove 
initial value theorem 

in Z transform 
 



Solution 8 
          If Z[f(n)] = F(z),        then lim

𝑧→∞
𝐹(𝑧)= f(0) = lim

𝑛→0
𝑓(𝑛) 

                        W.k.t Z[f(n)] =  𝑓(𝑛)∞
𝑛=0  z-n 

                      = f(0) + f(1)z-1 + f(2)z-2 + ……………… 

                           ie)  F(z) = f(0) + 
𝑓 1

𝑧
+

𝑓(2)

𝑧2  + ……………. 

           lim
𝑧→∞

𝐹(𝑧) = lim
𝑧→∞

f(0)  + 
𝑓 1

𝑧
+

𝑓(2)

𝑧2  +  ……………  

                             = f (0)              since lim
𝑧→∞

1

𝑧
 =0 

        ∴  lim
𝑧→∞

𝐹(𝑧)=  lim
𝑛→0

𝑓(𝑛) 



Question 9 

Find the  
Z transform of 

(n+1) (n+2) 
  



Solution 9 

Z[(n+1)(n+2)] = Z[n2 + 3n +2] 

 

                         = Z[n2]  + 3Z[n] + 2Z[1]  

 

 Z[(n+1)(n+2)]= 
𝒛(𝒛+𝟏)

(𝒛−𝟏)𝟑
+ 𝟑

𝒛

(𝒛−𝟏)𝟐
+ 𝟐

𝒛

𝒛−𝟏
 

  

 



Question 10 

Define Z transform of 
the sequence {f(n)} 

  



Solution 10 

 Consider a sequence 
 {f(n)}: {f(0) , f(1), f(2), …..}  

which is defined for  
all positive integers  

n = 0,1,2,……∞ . 
 Then Z transform of {f(n)}  

Is  defined as  
Z[f(n)] =  𝒇(𝒏)∞

𝒏=𝟎  z-n. 
  
 



Question 11 

Form a difference 
equation by eliminating 
arbitrary constants from 

un = a 2n+1 
  



Solution 11 

 Given un = a 2n+1 
          un+1 = a 2n+2 

                                 = a.2n+1.2 
          = un.2 
 un+1 = 2 un 

  
 



Question 12 

State convolution 
theorem of 
 Z transform 

  



Solution 12 

(i)Z[f(n) * g(n)] = F(z).G(z)   

      where Z[f(n)] = F(z) and 
Z[g(n)] = G(z) 

(ii)Z[f(t) * g(t)] = F(z).G(z)  

         where Z[f(t)] = F(z) and 
Z[g(t)] = G(z) 

 



Question 13 

Find the Z transform 
of (-1)n 

  



Solution 13 

 Z{(-1)n} =  (−𝟏)𝒏∞
𝒏=𝟎  z-n 

       = 1 -  
𝟏

𝒛
+

𝟏

𝒛𝟐
−

𝟏

𝒛𝟑
+…… 

 = 𝟏 +
𝟏

𝒛

−𝟏
  

 = 
𝟏

𝟏+
𝟏

𝒛

 

   = 
𝒛

𝒛+𝟏
 

 



Question 14 

Find the Z transform of n2 

  



Solution 14 

 Z[n2] = Z(n*n) 

                 = -z 
𝒅

𝒅𝒛
 [Z(n)]                 

 since Z(n) = 
𝒛

(𝒛−𝟏)𝟐
 

                                = -z 
𝒅

𝒅𝒛

𝒛

(𝒛−𝟏)𝟐
 

 = -z 
(𝒛−𝟏)𝟐.𝟏−𝒛.𝟐.(𝒛−𝟏)

(𝒛−𝟏)𝟒
 

 = -z 
𝒛−𝟏−𝟐𝒛

(𝒛−𝟏)𝟑
 

 = -z 
−𝒛−𝟏

(𝒛−𝟏)𝟑
 

 = 
𝒛(𝒛+𝟏)

(𝒛−𝟏)𝟑 
 



Question 15 

State final value theorem 
on Z transform 

  



Solution 15 

If Z[f(t)] = F(z),        then 
𝒍𝒊𝒎
𝒕→∞

𝒇(𝒕)= 𝒍𝒊𝒎
𝒛→𝟏

(𝒛 − 𝟏)𝑭(𝒛) 

  
 



Question 16 

Find the Z-transform of 
−𝟏

𝟑

𝒏
 

  



Solution 16 

 Z
−𝟏

𝟑

𝒏
        =  

𝒛

𝒛 −
−𝟏

𝟑
 
              

[Since Z(an) = 
𝒛

𝒛 −𝒂 
 ] 

                    =  
𝒛

𝒛+ 
𝟏

𝟑
 
 

              =  
𝟑𝒛

𝟑𝒛+𝟏 
 

  

 



Question 17 

State Initial value theorem 
in Z transform 

  



Solution 17 

 If Z[f(n)] = F(z),        then 
𝒍𝒊𝒎
𝒛→∞

𝑭(𝒛)= f(0) = 𝒍𝒊𝒎
𝒏→𝟎

𝒇(𝒏) 

  



Question 18 

Find the inverse Z-transform 
of 

𝒛

𝒛−𝟏 (𝒛 −𝟐) 
 

  



Solution 18 
Consider 

𝒛

𝒛−𝟏 (𝒛 −𝟐) 
 = 

𝑨

𝒛 −𝟏 
 + 

𝑩

𝒛 −𝟐 
 -----

--------- (1) 

 ⇒ z = A(z – 2) + B(z – 1) 

                      Put z = 1, -A = 1, A = -1 

                    Put z = 2, B = 2. 

              

 



∴   (1) becomes   

 
𝒛

𝒛−𝟏 (𝒛−𝟐)
 = 

−𝟏

𝒛−𝟏
+

𝟐

𝒛−𝟐
 

                                       

𝒛−𝟏 𝒛

𝒛−𝟏 (𝒛−𝟐)
 

 = 𝒛−𝟏 −𝟏

𝒛−𝟏
+ 𝟐𝒛−𝟏 𝟐

𝒛−𝟐
 

                             
  = (−𝟏)𝒏+𝟐𝒏 
= 𝟐𝒏-1 
  



Question 19 

Fin d z[𝒆−𝒂𝒏] 
 



Solution 19 

 z[𝒆−𝒂𝒏] = z [ 𝒆−𝒂 𝒏]                       

[ since z[𝒂𝒏] = 
𝒛

𝒛−𝒂
 ] 

       = 
𝒛

𝒛−𝒆−𝒂 

  



Question 20 

Find the Z transform of sin 
𝒏𝝅

𝟐
 

  



Solution 20 

w.k.t   z[sin nθ] = 
𝒛 𝒔𝒊𝒏𝜽

𝒛𝟐−𝟐𝒛𝒄𝒐𝒔𝜽+𝟏
 

                  put θ = 
𝝅

𝟐
  , 

 z[sin 
𝒏𝝅

𝟐
] = 

𝒛 𝒔𝒊𝒏
𝝅

𝟐

𝒛𝟐−𝟐𝒛𝒄𝒐𝒔
𝝅

𝟐
+𝟏

 

    = 
𝒛

𝒛𝟐+𝟏
 

  
 



 

Z-Transform will be       

         updated then and  

                 there……. 


